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One of the most potent tools in combinatorics and theoretical computer science is the
probabilistic method, where objects can be proven to exist “simply” by arguing that they
probably exist. Some prominent applications of the probabilistic method include Shannon’s
Noisy Coding Theorem, pseudorandomness, and circuit complexity (e.g. there exist functions
with high circuit complexity). One of the main techniques of the probabilistic method works
as follows: to show that an object with property P exists, it suffices to show that P is
equivalent to a set of “bad” events A1, . . . , An not happening; and if an object is sampled
from some appropriate distribution at random, and the probability of none of A1, . . . , An

happening is strictly positive – an object with property P exists.
This works well if the events A1, . . . , An are known to be independent, or if the probability

of any one bad event happening is very small. In the first case, the probability that an object
with property P is selected is

∏
(1− Pr[Ai]), which is positive if none of the bad events are

sure to happen. In the second case, though the events might be completely dependent, one
can use the union bound: Pr[∩Ai] ≥ 1 −

∑
Pr[Ai], and if the Pr[Ai] are sufficiently small,

this probability is positive.
However, there are many situations where the bad events are not entirely independent

of each other, and the probability of any one event happening is not small enough for an
effective union bound. In these situations, the Lovász Local Lemma (LLL) gives a relatively
mild condition on the bad events so that the probabilistic method can still be successfully
used. The mild condition is essentially that the probability of the bad events happening is
small relative to the degree of dependency of the events. In other words, the LLL interpolates
between the two extremes of full independence and the union bound situation (where the
events may be completely dependent). Here is a slightly weaker version of the full Lovász
Local Lemma that nevertheless captures the main idea:

Lemma 1 (Symmetric Lovász Local Lemma) Suppose A1, . . . , An where events in a
probability space with the property that Pr[Ai] ≤ p for all p and each event is indepen-
dent of all other events except for at most d of them. Then, if ep(d + 1) ≤ 1 (where e is the
base of the natural logarithm), Pr[∩Ai] > 0.

This result finds great use within combinatorics, as one might imagine. However, as with all
proofs that use the probabilistic method, a significant problem with the LLL is the lack of
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constructivity: the lemma offers no guidance for actually constructing an object with sought
property P , let alone efficient methods for doing so. In general, the probabilistic method
will not give constructive methods. In the case of the Lovász Local Lemma, however, we
fortunately have efficient, constructive methods to construction. These methods solve the
problem known as the Constructive Lovász Local Lemma – explicitly creating objects with
property P , provided the conditions of the LLL are satisfied.

Recently, Moser and Tardos [1] gave an absolutely beautiful and elegant algorithm for
the Constructive LLL. It is astoundingly simple – and that is what I find surprising about
it. The analysis of their algorithm is smooth and elegant, as well. A priori I would’ve
never expected an nice algorithmic solution for a problem as general as the Constructive
LLL. Without further ado, the Moser-Tardos algorithm for the Constructive Lovász Local
Lemma:

For simplicity we will cast the problem as a problem of finding a hypergraph 2-coloring
such that none of the edges are monochromatic (though the true Moser-Tardos algorithm
solves the general problem). Thus, our probability space is the space of all 2-colorings of a
hypergraph, and with each edge e there is an associated bad event, that e is monochromatic
under a random coloring. Furthermore, we will assume that each edge intersects at most d
other edges. If the conditions of the LLL are satisfied (i.e. ep(d+1) ≤ 1), then the algorithm
will in expected polynomial time find a valid 2-coloring.

Algorithm 1 Moser-Tardos(G)

1: Color the hypergraph G randomly.
2: while G has a monochromatic edge e do
3: Randomly recolor e.
4: end while
5: return Coloring of G.

I know what you’re thinking: “You’ve got to be kidding me, right?”

That’s what I thought, too.
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